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Abstract
We prove a general property of the branch curve for a non-constant morphism P2 → P2 or a proper
morphism C2 →C2.
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Introduction
Given any irreducible projective variety X/C of dimension n, by Noether normalization
theorem there is a finite morphism X→ Pn. In general, not much can be said about the
branch locus B ⊂ Pn for this map. The main aim of this paper is to prove the following
somewhat surprising result.
Theorem. Let X be an algebraic surface isomorphic to P2 with a non-constant morphism
π :X→ P2. Suppose C ⊂ P2 is an irreducible curve of degree > 1 which is contained in
the branch locus and let e1, e2, . . . , er be the ramification indices of irreducible curves in
π−1(C). Then gcd(e1, . . . , er)= 1.
In particular, the inverse image of C in X is not irreducible.
This result has the following corollaries.
E-mail address: gurjar@math.tifr.res.in.
0021-8693/02/$ – see front matter  2002 Elsevier Science (USA). All rights reserved.
PII: S0021-8693(02) 00 54 0- 9
192 R.V. Gurjar / Journal of Algebra 259 (2003) 191–200
Corollary 1. Let π be the quotient map P2 → P2/G, where G is a finite group of
automorphisms of P2 of order > 1. Then either P2/G is not smooth, or P2/G∼= P2 and
every irreducible curve contained in the branch locus in P2/G is a line.
The next result is just an algebraic formulation of the theorem above.
Corollary 2. Let F,G,H be homogeneous polynomials in three variables X,Y,Z such
that the ideal (F,G,H) is primary for the maximal ideal (X,Y,Z) in C[X,Y,Z]. Let
Φ(X0,X1,X2) be an irreducible homogeneous polynomial of degree > 1. Then for
any integer m > 1 there does not exist any polynomial Ψ (X,Y,Z) such that Ψm ≡
Φ(F,G,H).
Another striking consequence of the proof is the following result.
Corollary 3. Let X be isomorphic to C2. Suppose that π :X→ C2 is a finite morphism
and C ⊂ X is an irreducible curve such that π∗C = e∆ for an effective divisor ∆ with
e > 1. Then C is the curve {Ua = V b}, where U,V are suitable affine coordinates on C2.
Further, (a, b) is one of the following pairs: (2, n) with n odd, (3,4), (3,5).
Our proof of the main result uses some elementary results about rank 1 log del Pezzo
surfaces. By definition, a log del Pezzo surface is a projective irreducible surface V with at
worst quotient singularities such that −KV is ample. The rank of V is the rank of Pic(V ).
Another result that we need is a classification of Gorenstein, rank 1, log del Pezzo
surfaces dominated by P2, proved in [6, Lemma 1].
Presumably a result analogous to our main result holds for a morphism Pn → Pn for
n > 2. Some of the arguments for n = 2 are valid for the general case but the rest of
our proof does not seem to extend for n > 2. For some remarks on the general case, see
Section 4.
1. Preliminaries
We only consider complex algebraic varieties in this paper. By a surface we mean an
algebraic surface. A smooth projective irreducible curve C on a smooth surface is an (n)-
curve if C ∼= P1 and C2 = n. A reduced curve on a smooth surface is called an SNC curve
if all its irreducible components are smooth and it has at worst normal crossings.
For a variety Z we denote its topological Euler–Poincaré characteristic by χ(Z). For an
affine irreducible variety Z we denote its coordinate ring by Γ (Z). The function field of Z
is denoted by C(Z).
Let Z be a normal, irreducible algebraic surface such that π1(Z\SingZ) is finite.
Then there exists a normal surface Z˜ with a finite morphism ψ : Z˜ → Z such that
Z˜\ψ−1(SingZ) is the universal cover of Z\SingZ. We call Z˜ the quasi-universal cover
of Z.
We will implicitly use the following facts about quotient singularities.
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(1) Let (W,p) be a 2-dimensional quotient singularity and τ : W˜ → W a minimal
resolution of singularity. Then τ−1p is an SNC curve all whose irreducible components
are smooth rational curves. Its dual graph is either a linear tree or has exactly one branch
point and three linear branches such that the absolute values di of the determinants of
intersection forms of the linear branches satisfy
∑ 1
di
> 1 (see [1]).
(2) We will use the Hirzebruch–Jung resolution of cyclic quotient singularities of
surfaces as follows.
Let (W,p) be a germ of a normal surface singularity and let f : (W,p)→ (C2,O) be
a finite analytic map of germs such that the branch curve in (C2,O) is defined by {xy = 0}
for suitable local coordinates x, y near O . Then (W,p) is a cyclic quotient singularity.
Assume that the local fundamental group of (W,p) has order a prime number m. Then W
is the normalization of the germ (in its quotient field) {zm−xyq = 0}, where q is a suitable
integer coprime to m with 1 q m− 1. The minimal resolution of singularity of (W,p)
is an SNC linear chain of smooth rational curves whose self-intersections are given by the
continued fraction expansion of m/(m− q) (for details, see [3, Chapter 3, Section 5]).
(3) More generally, if a normal 2-dimensional germ (W,p) is an m-fold cyclic cover
of (C2,O), with m a prime number such that the branch curve in (C2,O) is a union of
two irreducible germs {g = 0}, {h= 0} then (W,p) is the normalization of {tm = ghq } for
some q satisfying 1 q <m.
We will need the following result proved in [6].
Lemma 1. Let W be a Gorenstein log del Pezzo surface such that π1(W\SingW)= (1). If
there is a dominating map P2 →W then either W ∼= P2 or, W is isomorphic to the quadric
cone in P3 or, W has exactly two singular points and they are of type A1,A2 or, W has
a unique singular point and it is of type E8.
Suppose that W is a Gorenstein normal surface with a surjective morphism P2 →W . If
K2W = 2 then W has singular locus of type D4 +3A1, i.e., the singular locus of W consists
of a D4 type singularity and three A1 type singular points.
2. Proof of the theorem
We begin with some discussion about normal surfaces dominated by smooth surfaces.
Let Y be a smooth irreducible complex surface and g :Y → Z be a finite analytic map
onto a normal complex surface. By the fundamental result of Mumford on topology of
normal surface singularities in [8], we know that Z has a finite local fundamental group
at any point. Further, the analytic local ring at any point in Z is isomorphic to a ring of
invariants of a finite group of automorphisms of the convergent power series ring in two
variablesC{T1, T2}. (In this situation we say that Z has at most quotient singularities.) The
divisor class group of the local ring of Z at any point is finite and hence intersection theory
of divisors on Z is available. We also know that the rank of the divisor class group of Z is
at most equal to that for Y .
Now let X be isomorphic to P2. Suppose that π :X→ P2 is a non-constant morphism
of degree > 1. Clearly π is a finite map. By purity of branch locus the branch locus
D ⊂ P2 is a union of irreducible curves. Assume that C is an irreducible component of
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D of degree > 1 and π∗C =∑r1 eiDi . We will assume that e := gcd(e1, . . . , er) > 1 and
arrive at a contradiction, thus proving the theorem.
Let m be a prime factor of e. Let L⊂ P2 be a general line. By a suitable application of
Bertini’s theorems, A := π−1(L) is a smooth irreducible curve. Letting T =X\A we have
a finite map π :T →C2 = P2\L.
Choose f ∈ R := Γ (C2) such that (f )= C ∩C2. If P is the height 1 prime ideal in R
which f generates and S :=R\P then RP is a DVR and its integral closure in the function
field of X is the semi-local PID Γ (T )S . By assumption, there is an element g ∈ Γ (T )S
such that f = gm ·u, where u is a unit in Γ (T )S . Since A is an irreducible curve Γ (T ) has
no non-trivial units. Hence we can write u= s1/s2 with si ∈ S. Then (gs1)m = f · s2 · sm−11
and f does not divide s1, s2. This shows that Γ (T ) contains a subring isomorphic to
R[Y ]/(Ym − f s), where f does not divide s. This is an integral extension of R of degree
m and P is totally ramified in the normalization of this ring in its quotient field.
Let V denote the normalization of P2 in the quotient field of R[Y ]/(Ym − f s). Then
π :X→ P2 factors as X→ V → P2. From the discussion in the beginning of the proof,
we see that rank V = 1 and V has at worst quotient singularities. The divisor class group of
any local ring of V is finite and intersection theory ofQ-divisors on V is available. Further,
for the canonical divisors we have KX ∼ψ∗KV + an effective divisor. Here ψ :X→ V is
the obvious map. This easily implies that −KV is ample. This means that V is a log del
Pezzo surface. Let ϕ :V → P2 be the cyclic covering of degree m obtained above. Then
ϕ∗C =mC˜, where C˜ is irreducible.
We will show that such a map ϕ does not exist.
Since V is a normal surface it is Cohen–Macaulay and hence ϕ is flat. Again, by purity
of branch locus the branch locus for ϕ in P2, say B , is a union of irreducible curves
C1 = C,C2, . . . ,Cl . Let δi = degree Ci and δ :=∑ δi . The map V \ϕ−1(B)→ P2\B is
finite and unramified. Hence
χ
(
V \ϕ−1(B))=m · χ(P2∖B).
On the other hand, since m is a prime number each ϕ−1(Ci) is irreducible and pointwise
fixed by the Galois group of V over P2. Therefore, χ(B)= χ(ϕ−1B). Since there is a map
X→ V and X ∼= P2 we infer that b1(V ) = 0, b2(V ) = 1. We have now χ(V ) = χ(P2)
and hence finally χ(V \ϕ−1B)= χ(P2\B)= 0. From this we deduce that χ(B)= 3. This
observation will be used later.
Next we use an argument suggested by D.-Q. Zhang.
We haveKV ∼ ϕ∗KP2 +
∑
(m−1)ϕ−1Ci = ϕ∗(O(−3+ m−1m δ)). Since −KV is ample,
we get 3m> (m− 1)δ. Since m> 1, we conclude easily that δ  5.
Lemma 2. m> 2.
Proof. Suppose m= 2.
Then a local equation for V at any singular point has the form t2 = g(x, y) for
suitable local coordinates x, y, t , and a reduced power series g. Since V also has rational
singularities any singular point of V is a rational double point. Thus V is a Gorenstein log
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del Pezzo surface of rank 1. In particular, K2V is a positive integer. This observation will be
used below.
From the observation made earlier, KV is numerically ϕ∗(O((δ − 6)/2)). Hence
K2V = 2 ·
(
δ− 6
2
)2
= (δ− 6)
2
2
.
This implies that δ is an even integer. The only possibilities for δ in this case are 2,4.
Case 1. Suppose δ = 2. In this case B is an irreducible conic so χ(P2\B) = 1. This
contradicts the fact that χ(P2\B)= 0.
Case 2. Suppose δ = 4. Now K2V = 2. By Lemma 1, the only possible singular points of V
are D4 + 3A1.
We consider the various possibilities for B using the observation made earlier that
χ(B)= 3.
Case 2.1. B is a union of a cuspidal cubic C1 and a line C2 which meets C1 in only
one point. Since m= 2, a local equation for V at any singular point is t2 = gh or t2 = g
for some irreducible power series g,h ∈ C{X,Y }. Also, V has one or two singular points
depending on whetherC1∩C2 is the singular point ofC1 or not. This contradicts Lemma 1.
Case 2.2. B is a union of two conics C1,C2 meeting in one point. Then V has exactly one
singular point, again contradicting Lemma 1.
Case 2.3. B is a union of a conic C1 and two lines C2,C3 which are tangents of C1 at two
distinct points. Then V has at most three singular points. This contradicts Lemma 1.
This shows that δ cannot be 4.
We have thus proved that m> 2. ✷
Now it follows that δ  4.
Lemma 3. δ = 3, or 4.
Proof. If δ = 2 then B = C1 is a conic. But then χ(B)= 2, contradicting the observation
made earlier that χ(B)= 3. ✷
If δ = 4 then 3m> 4m− 4 implies that m= 3.
If δ = 3 then there are no obvious restrictions on m.
We analyse these cases separately. Suppose that δ = 3.
Since χ(P2\B) = 0, B cannot be irreducible. Then C1 is a conic and C2 is a line
tangent to C1 at some point. In this case P2\(C1 ∪ C2) is isomorphic to C × C∗. Hence
the restriction of ϕ :V0 := V \ϕ−1(C2)→ P2\C2 ∼=C2 is ramified over C1 ∩C2 ∼=C. This
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easily implies that V0 ∼= C2. We can assume that C1 is defined by YZ − X2 = 0 and
C2 = {Z = 0}.
Consider the surface F := {Wm− (YZ−X2)Zm−2 = 0} ⊂ P3. Its open subset {Z = 0}
is the affine surface V0 = {wm− (y − x2)= 0}. It follows that V is the normalization of F
in its quotient field. Let C2 = ϕ−1(C2).The only possible singular point of V is the unique
point, say p, lying over C1 ∩C2.
Lemma 4. With the above hypothesis, if m 3 then p is not a quotient singular point.
Proof. Let Y be the blow-up of P2 at points over C1 ∩C2 such that the total transform of
C1∪C2 is the SNC curveG := C′1∪C′2∪E1∪E2, whereC′1,C′2 are the proper transforms
of C1,C2 in Y , E21 =−2, E22 =−1, and C′1,C′2,E1 meet E2. Let Y ′ be the fibered product
Y ×P2 F . The local equations of Y ′ at the points C′1 ∩ E2, C′2 ∩ E2, E1 ∩ E2 in suitable
local coordinates are tm = xym−2, tm = xm−2ym−2, tm = xm−2ym−1, respectively, for
suitable local coordinates x, y, t . Using the Hirzebruch–Jung resolution of cyclic quotient
singularities, we see that the minimal resolutions of these three singularities are linear
chains of P1’s such that the self-intersections of the irreducible components are given by
the continued fractions of m/2,m/(m− 1),m/(m− 2). Since m 3, we see that the total
dual graph of the minimal resolution of singularity at p has exactly one branch point and
three linear branches with determinants of intersection forms of these linear branches m
each. Since
∑
1/m 1 we see that p is not a quotient singularity. ✷
This contradiction shows that δ = 3.
Case 4.1. Now consider the case m= 3, δ= 4.
In this case, we have the following subcases.
Case 4.1.1. Suppose that C1 is a cuspidal cubic and C2 is a tangent line.
If C2 is the tangent to C1 at an inflection point then there are local coordinates x, y, t
such that the singular point of V lying over C1 ∩ C2 is the normalization of one of the
germs t3 = y(y − x3), t3 = y(y − x3)2. As in the proof of Lemma 4, in Case 1 this cannot
be a quotient singular point. In case V is the normalization of t3 = y(y − x3)2 then the
proof given below for Case 4.1.2 for the germ t3 = y(y − x4)2 shows that this is also not a
quotient singular point.
If C2 is the tangent to C1 at the singular point then a similar argument works.
Hence this case cannot occur.
Case 4.1.2. Suppose that C1,C2 are smooth conics meeting in exactly in one point. Let p
be the singular point of V lying over C1 ∩C2. In this case,
H1
(
P2
∖
(C1 ∪C2);Z
)∼= Z⊕Z
Z(2,2)
.
The 3-fold cyclic unramified cover of P2\(C1 ∪C2) corresponds to a subgroup Γ ⊂ Z⊕Z
of index 3 such that (2,2), (3,0), (0,3) ∈ Γ . Since 2(1,1) ∈ Γ we must have (1,1) ∈ Γ .
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Then clearly Γ = Z(1,1)⊕Z(3,0). This shows that P2 has a unique cyclic cover of degree
3 ramified over C1 ∪C2.
Let h ∈ C(P2) be such that (h) = C1 − C2. Then the normalization of P2 in the
field C(P2)(h1/3) is our surface V . If x, y are local coordinates near C1 ∩ C2 such that
C1 = {y = 0} and C2 = {y = x4} then the analytic local ring of V at p is the normalization
of one of the germs {t3 = y(y − x4)2} or {t3 = y(y − x4)}. We will show that this case
cannot occur.
The singularity t3 − y(y − x4) = 0 is already normal. We can rewrite it as t3 −
(y − x4/2)2 + x8/4 = 0. By changing variables this is isomorphic to the singularity
t3 − y2 + x8 = 0. This is not a rational singularity. Consider t3 − y(y − x4)2 = 0.
Let Y be the minimal blow-up of P2 such that total transform of C1 ∪ C2 is an SNC
curve. Let E1,E2,E3,E4 be the exceptional curves obtained by blowing-ups in this order.
Then E4 is a branch point of the dual graph of the total inverse image of C1 ∪ C2 and
E1 ∪ E2 ∪ E3 is a linear branch of the dual graph. The required 3-fold cover of Y is
unramified in a neighborhood of E1 ∪ E2 ∪ E3. Hence in the minimal resolution of p,
there is a unique branch point corresponding to E4 and three linear branches which look
exactly like E1 ∪E2 ∪E3. This shows that p is not a quotient singularity.
Case 4.1.3. The third possibility is that C1 is a conic and C2,C3 are tangents to C1 at some
points. The proof in this case is more involved.
We can assume that C1 = {YZ − X2 = 0}, C2 = {Y = 0}, C3 = {Z = 0}. Let C2 =
P2\C3. The 3-fold cover of C2 ramified over C1,C2 is the normalization of {t3 − (y −
x2)ya = 0} for a = 1 or 2.
If a = 1 then V is the surface {W 3 −Y (YZ−X2)= 0} ⊂ P3. But then C3 is unramified
in V .
Now suppose that a = 2. Let Y → P2 be obtained by a minimal sequence of blow-
ups such that the total transform of
⋃
Ci is an SNC curve. Let Z be the normalization of
the fiber product Y ×P2 V in the function field of V . Then Z is a cyclic 3-fold cover
of Y ramified over C′i , where C′i is the proper transform of Ci in Y for i = 1,2,3.
Let ψ :Z → Y be the map. The total inverse image of ⋃Ci in Y can be written as⋃
C′i ∪E1 ∪E2 ∪L1 ∪L2, where E2,L2 are (−1)-curves and E1,L1 are (−2)-curves.E2
meets C′1,C′2,E1, and L2 meets C′1,C′3,L1. Further, C′21 = 0, C′22 =−1 = C′23 .
Consider the pencil on P2 generated by C1 and C2 + C3. It contains 2C0 as a member,
where C0 := {X = 0}. This gives the linear system |C′1| on Y . It gives a P1-fibration with
C′1, C′2 +C′3, E1 + 2C′0 +L1 as full fibers and E2,L2 as cross-sections. The only singular
point of Z is its point lying overC′2∩C′3. SinceC′2,C′3 meet transversally the singular point
of Z is either of type A2 or it is obtained by contracting a (−3)-curve. Since E2,L2 are not
in the branch locus of the map Z→ Y , we get an induced P1 fibration on Z. Suppose the
minimal resolution of the singular point of Z is a (−3)-curve G. Then a full fiber of this
fibration has three irreducible componentsC′′2 ,C′′3 ,G, where C′′i is the inverse image of C′i
in Z. Since this fiber can be blown down to a (0)-curve, we see that such a fiber cannot
exist. Hence the singular point of Z is an A2-singular point.
Now we know that V has exactly three singular points, Q1,Q2,Q3, where the minimal
resolution of Q1 has exceptional divisor B1 := E2 ∪ E11 ∪ E12 ∪ E13 where each E1i
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is a (−2)-curve and the exceptional divisor for the minimal resolution of Q2 is B2 :=
L2 ∪L11 ∪L12 ∪L13 where each L1j is a (−2)-curve. The point Q3 is an A2-singularity.
Let V o := V \SingV . We claim that V o is not simply-connected. The inverse image of
C′0 in Z is a disjoint union of three irreducible curves which lie in distinct fibers of the
P2-fibration. Each of these curves occurs with multiplicity 2 in the corresponding fiber.
Now V˜ is just the minimal resolution of singularities of Z. Hence V o admits
a C∗-fibration such that there are three singular fibers, each with multiplicity 2. Choose
any two of these multiple fibers. Let p1,p2 be the corresponding points in the base P1 of
the C∗-fibration. There exists a 2-fold ramified cover∆→ P1 such that p1,p2 are the only
points ramified. The normalized fiber product∆×P1 V o is an irreducible étale cover of V o
of degree 2. From this it is easy to see that V o is not simply-connected.
Let τ :W → V be the quasi-universal covering of V . Then we have a factorization
P2 →W → V . We will show that W is Gorenstein. Since W is dominated by P2 we have
as before χ(W) = 3. Let di be the number of points in W over Qi for i = 1,2,3. Since
Wo := W\τ−1(SingV )→ V o is étale, we have χ(Wo) = dχ(V o) = 0, where d is the
degree of τ . It follows that χ(W) = 3 =∑di . This implies that each di = 1. The local
fundamental group at Q3 ∼= Z/(3). Hence the unique point P3 in W lying over Q3 is
smooth (otherwise Q3 will be unramified). Let Pi be the point of W over Qi . We have also
proved that d = 3.
Consider the singular point Q1. In a neighborhood of B1 the canonical divisor is
numerically −2/3E2 − 1/3E11 − 1/3E12 − 1/3E13. This shows that 3KV is trivial in
a neighborhood of Q1. Hence W is Gorenstein.
Now W is a Gorenstein normal surface such that W\SingW is simply-connected and
there is a proper map P2 →W . Further, W has exactly two singular points which are of
the same type. By Lemma 1 such a surface does not exist.
This contradiction finally completes the proof of the theorem.
3. Proofs of the corollaries
Corollaries 1, 2 follow trivially from the theorem.
We will give a proof of the Corollary 3.
Let π :X→ C2 be a proper map and C an irreducible curve in the branch locus such
that π∗C = e∆, with e > 1 and ∆ an effective divisor. We can assume that e is a prime
number. Then the proof of the theorem shows that there is a normal e-fold cyclic covering
W of C2 such that C is totally ramified in W and a factorization of π as a composition
of proper maps X→W →C2. In fact, Γ (W) is obtained by adjoining r1/e to Γ (C2) and
taking normalization, where r ∈ Γ (C2) is a prime element which defines C. The curve
C is the total branch curve for the map ϕ :W → C2. Then Hi(W ;Q)= (0) for i > 0 (cf.
the argument in Section 4 below). Hence χ(W) = χ(C2)= 1. As in the beginning of the
proof of the theorem we get χ(W\ϕ−1C) = 0 = χ(C2\C). This implies that χ(C) = 1.
Since C is irreducible and affine, its second Betti number is 0 and hence b1(C) = 0.
Therefore C is simply connected. Now we can invoke a result of Lin–Zaidenberg which
says that a simply connected, irreducible curve in C2 is isomorphic to {Ua = V b} for
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suitable affine coordinates U,V on C2 (see [7]). It follows that there is a proper morphism
C2 → {T e = Ua − V b}. The singular point of {T e = Ua − V b} is then a rational double
point, being a Gorenstein rational singular point. From this we deduce the restrictions on
(a, b).
4. Remarks on the higher-dimensional case
Let n > 2 and π :X → Pn be a non-constant morphism such that X ∼= Pn. Let
∆⊂ Pn be an irreducible hypersurface of degree > 1 satisfying π∗∆=∑r1 eiFi . Suppose
e = gcd(e1, e2, . . . , er) > 1. Then our proof shows that there is a cyclic m-fold covering
ϕ :V → Pn for which ∆ is totally ramified and there is a factorization X → V → Pn,
where m is a prime factor of e. For any i  1 the induced map on homology Hi(X;Q)→
Hi(V ;Q) is surjective (see [4]). Similarly, Hi(V ;Q)→Hi(Pn;Q) is surjective. It follows
that bi(V ) = 0 (respectively 1) for odd i (respectively for even i with 0  i  2n). As in
the proof for n= 2 case, χ(V \ϕ−1B)= 0 = χ(Pn\B), where B is the branch locus in Pn.
Similarly, we see easily that −KV is ample and we can find strong restrictions on degree B
and degree ϕ as in the proof for n = 2. One can show (by a different argument) that the
case m= 2 cannot occur.
For n > 2 the singularities of V are rational but one cannot say anything more than this.
It is not known if the singularities are quotient singularities in this case. This is one of the
difficulties in proving our result for n > 2. In fact, this was the original motivation for the
author.
Question. Let (Cn,0)→ (W,p) be a finite surjective analytic map of germs such that
(W,p) is normal. Is (W,p) isomorphic to a quotient (Cn,O)/G for a finite group of
automorphisms G of (Cn,O)?
The author also does not know any general results about affine subsets W of Pn
satisfying χ(W) = 0, analogous to the ones proved in [5]. There is an example due to
Enrique A. Bartolo, I. Luengo, and A. Melle-Hernández of a reduced divisor D ⊂ Pn
for n > 2 such that χ(Pn\D) = 0, but some irreducible component Di of D satisfies
κ(Di) = −∞ (see [2]).
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